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1. Introduction

A pointed exact category (in the sense of [3]) is a finitely complete category with a zero object, a
pullback-stable (regular epimorphisms, monomorphisms) factorization system and where equivalence rela-
tions are kernel pairs. Let A be such a pointed exact category, and let F': A — B be a functor between
internal groupoids in A. In [16], we have constructed a mo-7; exact sequence

m (K(F)) = m(A) = m(B) — 7o(K(F)) — 7(A) — 7o(B)
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where 71 (A) is the internal group of automorphisms on the base point of A, 7y(A) is the object of connected
components of A, and K(F') is the bikernel of F'. This sequence subsumes several relevant special cases: if A
is the category of pointed sets, we get the Gabriel-Zisman exact sequence of [10] and, if F' is a fibration, the
Brown exact sequence of [7]; if A is semi-abelian or abelian, we get the exact sequence of the classical snake
lemma when F is a fibration, and the exact sequence of the more general snail lemma if F' is an arbitrary
functor (see [6,13,20]).

A special case of particular interest is when A is the category of groups. In this case, the mp-71 sequence
already appears in [9]; in fact, the sequence in [9] is even more general, because it is obtained starting
from a monoidal functor between groupoids in groups, and not necessarily from an internal functor. The
precise relation between internal functors and monoidal functors between internal groupoids in groups
has been established in [19]: monoidal functors are precisely fractions of internal functors with respect to
weak equivalences (in the sense of [8]). When A is an arbitrary exact category, the bicategory of fractions
of Grpd(A) with respect to weak equivalences has been described in [15] using fractors (fractors are a
particular kind of profunctors). The aim of this note is to complete the result of [16], showing that the mp-m;
exact sequence can be constructed starting from any fractor F': A & B between internal groupoids in A
pointed exact.

Since the 2-functors

mo: Grpd(A) - A and m;: Grpd(A) — Grp(A)

send weak equivalences onto isomorphisms (see Lemma 4.5 in [16]), they can be extended to the bicategory
of fractions. Therefore, what remains to be done is to construct bipullbacks (and, in particular, bikernels)
in the bicategory of fractions using bipullbacks in the 2-category of internal functors.

In order to do so, the main result of this paper (Theorem 3.1) states that if B is a bicategory with
bipullbacks and ¥ has a right calculus of fractions in the sense of [17], the bicategory of fractions

Ps:B — B2

preserves bipullbacks and B[X~!] has them. Since this is the case for the bicategory Grpd(A) with ¥ the
class of weak equivalences, we can extend the main result of [16] getting a mg-m; exact sequence from any
internal fractor.

In this paper, the composition of two arrows

will be denoted as f - g, or simply by fg.

In order to shorten notation, we will use coherence theorems for bicategories as in [14]. Therefore, coher-
ence isomorphisms will not be written explicitly.

We will sometimes need to change our base universe to a bigger one in order to define properly some
(bi)categories. However, we will omit to say it when it has to be done.

2. A reminder on (bi)categories of fractions

2.1. Categories of fractions have been introduced by P. Gabriel and M. Zisman in [10] as a useful tool for
algebraic topology and homotopy theory. They encode the universal solution to the problem of converting
an arrow into an isomorphism. More precisely, if A is a category and X is a class of arrows in A, the category
of fractions of A with respect to X is a functor
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universal among all functors F: A — C such that F(s) is an isomorphism for all s € 3. In other words, for
every category C the functor induced by composition with Py is an equivalence of categories

Py - — : Funct(A[X!],C) — Functx(A,C)

where Functys(A,C) is the category of those functors F: A — C such that F(s) is an isomorphism for
all s € 2.

Usually, the description of the category of fractions is quite complicated (see Chapter 5 in [5] for a detailed
discussion), but if the class ¥ has a right calculus of fractions, then the description of A[%~!] becomes much
more clear. To have a right calculus of fractions means that:

CF1. X contains the identity arrows.

CF2. X is closed under composition.

CF3. Given arrows f and s with same codomain, if s € ¥ then there exist arrows s’ and f’ such that
s-f=f-sand s €X.

CF4. Given parallel arrows f and g, if there exists an arrow s € ¥ such that f-s = g- s, then there exists
an arrow s’ € X such that s'- f =5 - g.

s’ f s
_
> < —
g

The dual notion of left calculus of fractions has also been studied for categories (see for example 5.3.1
in [5]). Whereas the bicategorical version of right calculus of fractions has been introduced in [17] (see
below), at our knowledge the bicategorical version of left calculus of fractions has never been considered
and we do not need it in this paper.

2.2. If the class X has a right calculus of fractions, the category A[X7!] can be described as follows:

- The objects of A[X 1] are those of A.
- An arrow in A[X7!] from A to B is an equivalence class of spans (s, f) with s € &

s f

A~—I ——2B

two spans (s, f) and (s, f') being equivalent if there exist arrows x, 2’ in A such that z-s=2"-s' € &
and z- f=a' - f'.
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Moreover, if A has pullbacks and ¥ has a right calculus of fractions, then A[X 1] has pullbacks and Ps: A —
A[X71] preserves them [5].

2.3. If B is a bicategory and X is a class of arrows in B, the bicategory of fractions of B with respect to X
is a morphism of bicategories (also called a pseudo-functor)

Ps: B — B[X]

which encodes the universal solution to the problem of sending an arrow of ¥ into an equivalence. This
problem has been studied by D. Pronk in [17], providing a bicategorical version of right calculus of fractions.

BF1. ¥ contains the equivalences.

BF2. ¥ is closed under composition.

BF3. Given arrows F' and S with same codomain, if S € ¥ then there exist arrows S’ € ¥ and F’ and a
2-iso 8- F = F'.§S.

BF4. For every 2-cell (resp. 2-iso) a: F - W = G- W with W € ¥ there exist a V € ¥ and a 2-cell (resp.
2-is0) B: V-F =V -Gsuchthat V-a=6-W

%4 F w
> _— >
G

such that U - V € ¥ and the diagram
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U-B
UV - F—=U-V-G

o oo

U’-V’-F:5>U’-V’-G
U/',

commutes.
BF5. Given arrows F, G and a 2-iso F' = G, then F' € ¥ if and only if G € X.

2.4. If the class X has a right calculus of fractions, the bicategory B[X~!] can be described as follows:

- The objects of B[X~!] are those of B.
- 1-cells A — B in B[Y 1] are spans (W, F) with W € 3.

ALCLB

- 2-cells (W, F) = (V,G) are equivalent classes of quadruples (Uy,Us, a1,a3) where Uy - W € X
ar: Uy - W =Us-Visa2-isoand ag: Uy - F = Uy - G is a 2-cell.

/\
PN

Two quadruples (Uy, Us, ay, a2) and (U7, U, o, o) are equivalent when there exist
1, U2, 09, Qg

*>IE

AN /

Ri:F - E, R: F — E’ and two 2-isos vy1: Re - Uj = Ry - Uy and 73: Ry - Uy = Ry - Uj such that
Ry -U; - W € ¥ and the following diagrams commute.

y1-W 7-F
Ry Ul -W == R, - Uy - W Ry Ul -F === R, -U, - F
RQ(X,IH/ \HRl'al R2(XI2M H/Rl-ag
R2U5V<:R1U2V RQUéG<:R1U2G
Y2V v2-G

- 1-cells composition is obtained by completing two consecutive spans with a span provided by BF3, and
then forgetting the 2-cell. Vertical composition of 2-cells is obtained by pasting two vertically consecutive
2-cells with a square coming from BF3, horizontal composition is described by a vertical composition
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of two whiskerings. Different choices made possible by BF3 and BF4 will give rise to biequivalent
bicategories. More details on compositions and identities can be found in [17].

The 2-isos in B[X7!] are exactly the 2-cells which can be represented by a quadruple (Uy, Uz, a1, a2) where
ag is a 2-iso of B. Moreover, the universal morphism

Ps:B — B2}
is defined by: Px(A) = A, Pu(F) = (14, F) and Px(a) = [(1a,14a,11,, @)]. For more details, see [17].

2.5. Recall that a bipullback (called 2-pullback in [4]) of two arrows F': A — B and G: C — B in a bicategory
B is a diagram of the form

G/
—_—

A
7 |-
B

T
G

jad

AO<—1"

with 7: F' - G = G’ - F a 2-iso and satisfying the following universal property:

BP1. For any diagram of the form

H
e —

e

=
aO<— X
&<~
&

m
—_—
G

with p a 2-iso, there exist an arrow T: X — P and 2-isos v: T -G = H,6: T - F/ = K making
commutative the following diagram.

T F.c=5 K.¢

T-G' F——=H-F
v-F
BP2. Given 1-cells T,S: X =P and 2-isos a: T-F' = S-F and 3: T-G'= S -G, if

T F.G=%5.F.G

N |-

T -G -F=—S-G-F
B-F

commutes, then there exists a unique 2-cell ¢: T'= S such that ¢ - F/ = o and ¢ - G’ = . (It is not
hard to prove that the 2-cell ¢ of BP2 is actually a 2-iso.)
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2.6. In [16], we focused on strong h-pullbacks instead of bipullbacks. The universal property of strong
h-pullbacks subsumes that of bipullbacks, but strong h-pullbacks are determined up to isomorphism, whereas
bipullbacks are determined up to equivalence. This is why the notion of bipullback is the ‘correct’ notion of
2-dimensional pullback in the context of bicategories of fractions. Moreover, we will use the fact that pasting
together bipullbacks we still get a bipullback (which is not the case if we work with strong h-pullbacks).
See [4,11] for more details on bipullbacks and strong h-pullbacks.

3. Preservation of bipullbacks

This section is devoted to the proof of our main theorem, generalising the 1-dimensional case.

Theorem 3.1. Let B be a bicategory with bipullbacks and X a class of arrows in B having a right calculus of
fractions. Then B[X 1] has bipullbacks and the universal morphism Ps: B — B[X 1] preserves them.

Proof. Consider two arrows in B[X 7]

F G
SN N
A B C B
with S,U € ¥, and the bipullback of the right legs in B.

T/
E—

F
AL
B

Q=<=—-"

<]

If we can prove that

(1,7)

is still a bipullback in B[X~!], then the bipullback of (S, R) and (U,T) in B[X~!] is obtained pasting
together the four bipullbacks below.

1,7’ 1,8
P ( ) F (1,5) A
(‘J
1,R’ (1,R) = (S,R)
( )l 477) l l
G B B
(1,7) 1p
C B B

<
3
5
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The fact that the lower-right square is a bipullback is obvious, and that the upper-right and lower-left
are bipullbacks is easily proved. Indeed, for the upper-right square, just compose the obvious bipullback

with the equivalence (1,S5): F — A. The lower-left one is treated similarly.

Hence let us prove that the upper left square is a bipullback. We are going to prove separately the two
parts of the universal property of the bipullback, that is, BP1 and BP2.

BP1. Consider a diagram in B[X™!]

where p is represented by

X
We thus get the following diagram in B
E 2
U1'Y2l %Lz \LR
G——B
T

and by the universal property of the bipullback BP1, an arrow L: E — P and two 2-isos v: L-T' = Uy - X5
and §: L - R’ = U; - Y5 which make the diagram

L~R’-T£>U1~Y2~T

LT/R:R>UQX2R
o

commutative. This gives us a 1-cell (Uy - Y1, L): V — P in B[X7!] and two 2-isos

[(1]E7U2Hu177)]: (Ul H’L) ’ (l]P’vT,) = (X17X2)
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and

[(1]Ea Ulv 1U1'Y175)]: (Ul . Yle) : (1PaR/) = (Yl’YQ)'

/ -
WHZ F 1y, Yl 6ﬂ2 G

/
¥

/
\

\><
X
\
o

The compatibility condition linking those two 2-isos can be deduced from the one linking v and §.

BP2. Now, suppose we have two arrows V. = P in B[X7!]

H;
2
\% P

for i € {1,2} together with two 2-isos
a=[(Uy,Uz, o1, 2)]: (Wi, Hy) - (1p, R') = (W2, Ha) - (1p, R')

and

B =1[(Vi,Va, 1, B2)]: (Wi, Hy) - (1p, T') = (W2, Ha) - (1p, T").

H,-T'
>
ﬂ v 0‘2M2 G Eq 5ﬂ2 \% ﬁzMZ F

/

Suppose also that the diagram

/§
=
%
=
Vs

firy

Y

a-(1g,T)
(W, Hy) - (1p, R') - (1g, T) =———= (W, Hy) - (1p, R') - (1, T)

(Wl:Hl)'PZ(TF)ﬂ M(WmHZ)'PZ(TF)

(Wi, Hy) - (1p,T') - (1, R) o (Wy, Hy) - (1p,T") - (1F, R)
. IFs

commutes in B[X7!]. This means that there exist S;: K — E1, S2: K — Ez and two 2-isos

5155
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EQ%KHEl Z(azT Yo(Usz-Ha-m)

v1: S2-V3 = S1-U;p and y5: S7-Uy = S3- V3 such that S7-Up - Wi € ¥ and the following diagrams commute.

v1-W1
SoViW, —— S U W,

Sz'ﬂlﬂ Msl'al

Sg‘/gWg < SlU2W2
v2-Wa

Syag'T SlU2H2~7T
SlUlHlR/T _ SlUQHQRIT _ SlUQHQT/R

71'H1R’TW UW'H2T/R

SQV1H1R T ——> SQV1H1T/R :> SQVQHQT/R

2ViH S2-B2-R
Now, we consider the following 2-isos:

S1-az

SlUlHlR/ —_— SlUQHQR
and

v Hy T S2-B2 v3 ' HoT'

SlUlHlT/ ESee nglHlT/ ESee SQ‘/QHQT/ ESee SlUQHQ

The commutativity of (2) and the property BP2 of the bipullback at P give us a 2-iso §: S1U1H1 = S1UzH,

such that 6 - R' = Sy - a9 and
§-T' = (v -Hi-T)o(S2-fa)o(yy"' - Ha-T').

So, we can construct a 2-iso ¢ = [(S1 - Uy, S1 - Us, S1 - a,9)]: (Wh, Hy) = (Wa, Ha).

H,
Hy
er \f
K Sl-alﬂz A\ 6M2 P
Slk\ A Ho
H,

The identities ¢ - (1p, R') = @ and ¢ - (1p,T") = S follow from the diagrams
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H{-R'

and

H,-T'
71 / .
—L Sl Ul

Sa 1k
Ey~<—K ——K Slqu

’ Z
9 S\ Us
/2 s —
Va 2

where the coherence axioms can be deduced from the definition of ¢ and the commutativity of (1). It remains

to prove the uniqueness of such a 2-cell ¢. Suppose ¢’ = [(Us, Uy, e1,€2)]: (W1, H1) = (Wa, Hs) satisfies
¢ - (Ip,R") =« and ¢’ - (1p,T’") = 5. The first identity implies the existence of a diagram

U, H,
U - HiR
N? / \\1
Us Us
1<=—E; ——E3 E1M2 v MEQR/ G
P)
4y, W /
where UsU3W; € >,
UG'Oél :(€3~W1)O(U5~€1)O(€4~W2) (3)
and
U@'O[Q = (63 'HlR/)O(U5 =P -R/)O(€4~H2RI). (4)

Since ¢’ = [(UsUs, UsUy, Us - €1, Us - £2)], the second identity means that there exists a diagram

H,T'

where U,UsU3W; € >,
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Us - 1= (g5 - W1) o (UrUs - €1) o (€6 - W2) (5)
and
Us - B2 =(e5- HiT") o (UzUs - £2 - T') o (g6 - H2T"). (6)

Now, since S3Vi Wi and Vi Wy are both in X, by axioms BF2, BF3 and BF4, there exist two arrows Ug and
Ui with Ug € ¥ and a 2-iso e7: UgUg = U1pSs.

U
Eg — K

Ugl %7 lSQ

IE15T8>]Ez

Let us consider the 2-iso

UgUz-e3 Ug-e5 ! e7-V1 Uiov1
UgU;UgUy —— UgUrUsU3 —— UgUgVy — U1052V1 _— U1051U1.

Then, since U3y W7 and W; are both in X, using the axiom BF4 twice, we get a 1-cell Uj1: Er — Eg in X
and a 2-iso eg: U1 UgU7Ug = Uy1U1¢S1 such that

es - U = (Un1UgUsz - €3) o (U11Uyg - €5 ') 0 (Ur1 €7 - Vi) o (U11Uso - 11)- (7)
Using the identities (1), (3), (5) and (7), we get that
(Un1Ug - g6 - Wa) o (Ur1 - €7 - VaWa) = (Un1UgUsz - £4 - Wa) o (g5 - UsWa) o (U11U1g - 72 - Wa).
Therefore, since W5 € %, by the axiom BF4, there exists an arrow Ujo: Eg — E7 in 3 such that
(U12U11Ug - €6) © (Ur2Un1 - €7 - Vo) = (Ur2U11UgUsz - £4) © (Ur2 - €5 - Uz) © (U12U11Un0 - 72)- (8)

Finally, to prove that ¢’ = ¢, we consider the following diagram

Us
H,
Hy
&V \\Wl
U12U11U9U7Us U12U11U1o
Es ’ Eg K SI.QIMZ \% 6\”2 P
Sx 4
1U2 2 ,
H,
Uy

with the 2-isos
(U12U11U9 '551) o (U12U11 CE7 V1) © (U12U11U10 "Yl)i U12U1UgUrUsUsz = Uy2U11U1051Uy

and
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(Ur2U11Usg - y2) © (Ur2Usy - 671 - Vo) o (UraUni Uy - 5 1) : UreUn1U10S1Uz = UroUy1 UgUzUsUy.

To prove the first coherence axiom, we use identities (1) and (5), while for the second one, we use the
universal property of the bipullback. Indeed, to prove it, it suffices to compose each 2-cell with both T” and
R’. The one composed with 7" can be deduced from the definition of § and (6), while the one composed
with R’ follows from the definition of §, (4), (7) and (8). O

4. The snail lemma for fractors

In this section, A is a pointed exact category.
4.1. The 2-category Grpd(A) of internal groupoids in A has bipullbacks and, in particular, bikernels (in
fact, Grpd(A) has strong h-pullbacks, and so it has bipullbacks, see [19,11]). Moreover, there are two
2-functors

mo: Grpd(A) - A and m: Grpd(A) — Grp(A)

(where A and Grp(A), the category of internal groups in A, are seen as discrete 2-categories) respectively
defined by the following coequalizer and kernel

d nA €A (d,c)
A1 — AO e ﬁo(A) 7T1(A) e Al —_— AO X Ao

where d and c are respectively the domain and codomain maps of the internal groupoid A. For an internal
functor F': A — B, its bikernel is defined as the bipullback

A
()/ F
k(F)
0 B

|

and it is represented by

K(F
KF) —L 4 _Fop

The main result in [16] states that for any internal functor F, there is an exact sequence

™1 (K (F)) w1 (F) mo (K (F)) mo (F)

™ (K(F)) m(A) —— m(B) —— 7m(K(F)) ———— m(A) —— mo(B).

Here, the exactness at B of

f g

A——=B——C
is intended in the sense that f factors as a regular epimorphism followed by the kernel of g.

4.2. The class of weak equivalences in Grpd(A) has a right calculus of fractions (in the bicategorical
sense) [19]. The bicategory of fractions of Grpd(.A) with respect to this class of weak equivalences has been
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described in [15] (see also [1] if A is semi-abelian, [12] if A is monadic, [2] if A has enough regular projective
objects, and [18] for a description in terms of anafunctors). The objects are internal groupoids, and the
arrows are particular profunctors called fractors: a fractor F: A & B is a diagram of the form

/\/\
\/\/

- o is a regular epimorphism, and R[o] is its kernel pair;
- p coequalizes d,c: R = E;
- (7,0) and (p, p) are discrete fibrations.

Given two fractors F: A & B and E': A & B, a 2-cell is just an arrow F — E’ in A satisfying suitable
compatibility conditions.

The main result in [15] states that the bicategory of fractions of Grpd(.A) with respect to weak equiva-
lences is the embedding

F: Grpd(A) — Fract(A)
of functors into fractors. Therefore, using Theorem 3.1, we have the following result.
Proposition 4.3.

1. The bicategory of fractors Fract(A) has bipullbacks and moreover the 2-functor F: Grpd(A) —
Fract(A) preserves bipullbacks.
2. In particular, Fract(A) has bikernels and F: Grpd(A) — Fract(A) preserves bikernels.

From Lemma 4.5 in [16], we also know that the 2-functors my and m; convert weak equivalences in
isomorphisms, so that they can be extended to the bicategory of fractions.

Grpd(A) . Fract(A) Grpd(A) . Fract(A)
A Grp(A)

Now we are ready to extend the exact sequence of 4.1 to fractors.

Theorem 4.4. Let F': A & B be a fractor between groupoids in A, together with its bikernel K (F): K(F) — A.
There exists an exact sequence

™1 (K (F)) w1 (F) mo (K (F)) mo (F)

m (K (F)) ™1 (A) m1(B) mo(K(F)) mo(A) —— mo(B).
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Proof. Since the class of weak equivalences in Grpd(.A) has a right calculus of fractions (in the bicategorical
sense) [19], by construction of Grpd(A)[¥~!] ~ Fract(A), the fractor F': A & B has a tabulation, i.e.,
there exist two internal functors

A< F-_.B

with S a weak equivalence and such that F(S) - F = F(R). We also consider the bikernel

R
KR~ g _F.p

of R in Grpd(A). By Proposition 4.3,

F(K(R)) F(R
K(R) (K( F (R)

is a bikernel in Fract(.A). Therefore, since F(.5) is an equivalence, also

F(K(R))-F(S
K(R) (K(R)) ()A F

&=

is a bikernel in Fract(A). In other words, the comparison S’ in the following diagram is an equivalence.

F(K(R F(R
K(R) (K(R)) F (R) B
S’ = .F(S)l = llB
K(F) A B
K(F) F

Now we can construct an exact sequence starting from the functor R: F — B as in 4.1, and we get the first

line of the following diagram.

w1 (K(R)) w1 (R) mo(K(R)) mo(R)

(K (R)) ™ (F) 1 (B) — mo(K(R)) mo(F) — 2 o (B)
() DCEED_ e mE®) ro(R(R) CEED_ | mE®)
i (S") l 1 (F(S)) l i l iﬂo(s/) 7o (F(S)) l

mK(E) — ey M) g mB) mo(K(F) — ey~ M) —— i m®)

Since S’ and F(S) are equivalences, all the columns are isomorphisms and the proof is complete. 0O

4.5. In [16], the mp-m1-exact sequence associated with an internal functor F': A — B is obtained under the
assumption that the groupoids A, B and K(F') are proper. Here we can omit this assumption, because our

base category A is exact, so that all groupoids are proper.
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Bunge, R. Paré, Stacks and equivalence of indexed categories, Cah. Topol. Géom. Différ. Catég. 20 (1979) 373-399.
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